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FPGA implementation of Bluetooth 2.0
(GFSK&DPSK) Transceiver

ABSTRACT

In our project we aim at combining
three different types of modulation
techniques,GFSK , PI/4DQPSK and
8DPSK on one common hardware
platform. Goal of our project isto
implement Bluetooth 2.0 on FPGA.
Bluetooth 2.0 uses Gaussian Fre-
quency Shift Keying

)GFSK) as modulation technique
for the header and access code and
PI/4ADQPSK for data (2Mpbs) and
8DPSK for data (3Mpbs).

So, whereas most commercial Blue-
tooth chips are low cost and inflexible,
in our project flexibility and re-use of
hardware is important. It is for that
reason the Bluetooth modem will be
done in the digital domain.

Tablel.1 shows Bluetooth core
versions and the transmission rates

The choice of the demodulation algo-
rithm determines the channel selection
requirements (better demodula- tion
algorithms require less SNR).A simu-
lation model was built to measure
the performance of these algorithms.
In our simulation model, Bluetooth
signals are sampled with 16 MHz.

To obtain a BER (Bit Error Rate) of
0.1%, speci- fied by the Bluetooth
standard, requires an SNR of about 15
dB.the design was synthesized using

E

&
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(il | " |
(L L
i i
. [

;225 hillls

w2 (013 v "
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Spartan3 development board.
)spartan3 400g208) .

I. INTRODUCTION

In our project we are focussing on the
low area implementation of blue-
tooth2.0 modem using FPGA.

We had a lot of choices in implemen-
tation of different components of the
modem. we choiced the best one based
on the lowest area criteria .

This paper will discuss modulation and
demodulation  algorithms for Blue-
tooth GFSK, PI/4ADQPSK and 8DPSK
signals. In order to evaluate the per-
formance of the algorithm, a Blue-
tooth simulation model has been
built. In this model, Bluetooth pack-
ets are generated and transmitted and
demodulated by demodulation algo-
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rithm.we took into consideration fre-
quency offset and phase offset and tim-
ing offset and noise impairments. we
choiced phas discrimination algorithm
as demodulation algorithm because it
can be used with GFSK, PI/4DQPSK and
8DPSK signals . First this paper will
discuss the Bluetooth GFSK modula-
tion and demodulation technique.then
PSK modulationand demodulation
technique .and finally how to combine
both algorithm .

The Bluetooth standard requires a

Table 1.1: Bluetooth core versions and transmission rates.
Bluetooth core | mode | hit rate
11 basic rate 1 Mbps
20 high rate 2 or 3 Mbps

maximum Bit Error Rate (BER) of
10—3 . we can obtain it using SNR of
15dB

any Bluetooth 2 device gives a two
fold improvement in the data rate
and thereby allows a maximum
speed of 2 Mbps. This is achieved
by using pi/4 differential quaternary
phase shift keying (pi/4 DQPSK).
This form of modulation is signifi-
cantly different to the GFSK that
was used on previous Bluetooth
standards in that the new standard
uses a form of phase modulation,
whereas the previous ones used on
frequency modulation.

Using quaternary phase shift modu-
lation means that there are four
possible phase positions for each
symbol. Accordingly this means

that two bits can be encoded per
symbol, and this provides the two fold
data increase over the frequency shift
keying used for the previous versions
of Bluetooth.

To enable the full three fold increase in
data rate to be achieved a further form
of modulation is used. Eight phase dif-
ferential phase shift keying (8DPSK)
enables eight positions to be defined
with 45 degrees between each of them.
By using this form of modulation eight
positions are possible and three bits
can be encoded per symbol. This en-
ables the data rate of 3 Mbps to be
achieved.

2.BLUETOOTH 2.0 MODULA-
TION

In normal continuous phase Fre-
quency Shift Keying(FSK) a ’0’ is
represented by an harmonic signal
with frequency 70 and a ’1’ by fre-
quency f1, both per inter- val of T
s. Continuous FSK uses an numer-
cally-Controlled Oscillator (NCO)
that is driven by the bit signal. In
this implementation no phase shifts
occur between bit transi tions, which
explains the name continuous phase
FSK. However due to the binary
nature of the input signal, fast fre-
quency transitions occur and there-
fore results ina large bandwidth. It
is for that reason that GFSK uses a
Gaussian pre-modulation filter.
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Fig. 1 shows aBluetooth2.0 modula-
tor. First the bits are con verted to
signal elements. A ’0’ is being repre-
sented by a signal with value -1

and a ’1’ by a signal with valuel,
each with a duration of 7 seconds.
The filter out- put is then connected to
annumerically controlled oscillator
(NCO) that translates the amplitude
of the filtered bits into an frequency
shift. n. The Gaussian filter reduces the
band- width of the input signal of the
NCO.

This reduces also the bandwidth of the
output signal and therefore GFSK is
more spectrum efficient compared to
normal Frequency Shift Keying
(FSK) at the cost of an increased
BER, al- though the noise is also re-
duced by the smaller band.

For FSK signals with a modulation
index, 2 = 0.3 in an Additive White
Gaussian Noise (AWGN) channel,
the required SNR for a BER of 0.1%
is about 15dB. The Gaussian pre-
modulation filter, however, removes
higher frequencies of the modulating
signal. This reduces the bandwidth of
the NCO output signal but also re-
duces the bit energy which has a
negative effect on the BER.

In Bluetooth systems, the modulation
index 4 may vary between 0.28 and
0.35 [2]. The modulation index # is
defined as: 2 _fd/R

For the DPSK modulator. First the
bits are converted to Symbols using se-
rial to parallel converter then i&q map-

I¥ DATA -

ping .then RRC filtering The filter
output is then connected to a numeri-
cally controlled oscillator (NCO) that
translates the amplitude of the filtered
bits into an phase shift. The RRC filter
reduces the bandwidth of the input sig-
nal of the NCO.the Bluetooth2.0 trans-
mitter is shown below.

BLUETOOTH2.0 DEMODULA-

_GFSK_PT4DQPSK_8PSK_modulator

fitip
f=16MHz

FRT
sk

MUX 4.1.‘{_]).1'[.-!

R

H
"I GFSK

THE

the phase-shift discrimination
method

The phase-shift discrimination, util-
izes only the phase of the signal, the

ampl tude is not used.

Fig.3 shows a phase-shift discrimina-
tor. The first step is to down convert
the incoming IF signal The two paths,
In-phase (I) and Quadrature (Q) path,
are low-passed filtered to eliminate the
high frequency products caused by
mixing. Then the phase is extracted by
the arctan block In order to retrieve
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the NRZ sig- nal, the output of the model. The transmitter creates pack-

arctan block has to be differentiated ets Then, the packet is transmitted ac-
cording theBluetooth specs using a
Fig2.Bluetooth2.0 Receiver carrier frequency of SMHz.

To get realistic performances we as-

sumed that the Bluetooth signal was

sampled with a sample rate ofl6
- MHz. Noise and phase offset and fre-
quency offset is added and the dis-
torted signal is filtered by an64-taps
Finite Impulse Response (FIR) filter
“ ™ which has a | MHz bandwidth with
center frequency of I6MHZ

GFSK_PI4DQPSK _SPSK_demodulator

Fig4.Simulink model for Bluetooth2.0

N transmitter

The carrier recovery and timing re-
covery block digrams are shown be-
low where the carrier recovery consist
of (Numerically controlled oscillator
and phase detector and second order
loop filterand the symbol recovery
consist  of(numerically  controlled
clock and timing error detector (using
gardner algorithm) and second order
loop filter

Fig3.bluetooth2.0 timing and carrier
recovery

.4. SIMULINK MODEL

. Simulink model for Bluetooth2.0
receiver

TIMING RECOVERY

¥ L et B S ey B

CARRIER RECOVERY | e

This section discusses the Blue-
tooth2.0 simulation model we used to
evaluate the bluetooth2.0 modem .Fig.
shows the top view of the simulation
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Bluetooth spec This simulation This
without timing simulation
recovery With

timing

recovery
Modulation GFSK GFSK GFSK
format:

GFSK BT: | 0.5 0.5 0.5
Modulation 1E6 1E6 1E6
data rate
Frequency 175 175 175
deviation
(khz)

Modulation 0.28-0.35 0.35 0.35
index

Input power ImW ImW ImW
If center - 8 8
frequency

(MHZ)

Frequency 75 75 75
offset

(KHZ)

Phase offset | -- 0.05 0.3

(RAD)

Timing -- 0.05 0.5

offset (1S)

SNR (db): 15 15 15
BER: | 0.1% 0.1% 0.1%

Table2.Bluetooth1.1 hardware system

specification
Bluetoot This this simulation
h spec simulation with timing/
without carrier
timing/carrier | recovery
recovery
Modulatio | 8DPSK, 8DPSK, 8DPSK,
n format: w/4DQPS | n/4DQPSK m/4DQPSK
K
Modulatio | 3E6,2E6 | 3E6, ,2E6 3ES6, ,2E6
n data rate
Input ImW ImW 1ImW
power
If center -- 8 8
frequency
(MHZ)
Frequency | 75 0.05 75
offset
(KHZ)
Phase -- 0.01 0.5
offset
(RAD)
Timing -- 0.05 0.5
offset (uS)
SNR (db): 15 15 -2
BER: | 0.1% 0.1% 0.1%

Table3.Bluetooth2.0hardware system
specification

4.1Simuink results

simulink simulation results are shown
in the following figures

Fig6.simulink results for GFSK

11 O
HE O 8
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Fig6.simulink results for /4DQPSK

Fig8.simulink results for §DQPSK

S-VHDL MODEL

Out_symbol
ONE

o

THREE

Fig9. vhdl model for Bluetooth2.0
Transceiver

5.1 vhdl model details

The numerical controlled oscillator
and arctan function was built using

Rotation mode

Xi+1 = xi-si 2(-21) yi
yi+l = yi+si 2(-21) xi
®i+1 = Pi-si arctan 2(-21)

Si=1if ®i>0 else -1

0.6 i Xitl cos@
e —
0 “ S sin@
—G——> zi zi+1
cordic theory

Figl0.rotation mode cordic algorithm
to generate sine and cosine

Vectoring mode

The difference from rotation mode is that direction
of rotation is determined by the sign of y instead of
(0}

Si=1 if yi<0 else -1

* xi xit+l
EE——
- i yitl
0 tan-1(y/x)
— Pz zit+l —
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figl1.vectoring mode cordic algorithm
to arctan function

figl1.vectoring mode cordic algorithm
to arctan function

2-the FIR filter coefficient and vhdl
code was generated using FDATOOL
in matlab as shown

o ] 2 B e

o
&
i}
E3

Figl2.fdatool in matlab to generate
vhdl code

.6RESULTS

l-implementation of (nco) and( arc-
tan) function using cordic algorithm is
better than using LUT

2- Implementation of ( DTAN-1) is
better than (tan-1 then differentiate it)
if we implement gfsk modem only but
because we implement bluetooth2.0
we should have arctan block for 8psk

3-implementation of fir filters using
core generator of xilinx is better than
hand-made filter or fdatool in matlab
in area consumption

4-implementation of carrier recovery
and symbol recovery improve the
BER at the same SNR.

CONCLUSIONS

In this paper we have analyzed im-
plementation of bluetooth2.0 modula-
tion and demodulation algorithm and
the phase-shift discriminator algo
rithm, for the use in Bluetooth sys-
tems.

Two scenarios were investigated, a
scenario in which 1 No carrier recov-
ery or symbol recovery is used And
2nd scenario where both are used For
FSK signals with a modulation index,
h = 0.3, in an Additive White Gaus-
sian Noise (AWGN) channel, the re-
quired SNR for a BER of 0.1% is
about 15dB

And for 8dpsk with full synchroniza-
tioin we need-3dB
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GEOMETRY AND APPLICATION OF DEVELOPABLE SURFACES

WITH CUSPIDAL EDGE

KRIVOSHAPKO S.N., DSc, Professor

HALABI SALEM MAHMUD, PhD, Professor

Peoples' Friendship University of Russia, Moscow, Russia

This review article is an attempt to collect and to systematize all cardinal
scientific results of geometrical investigations of non-degenerate developable
surfaces with a cuspidor edge. Information about the applica-tion of thin-
walled developable constructions and developable surfaces in some branches of
economy and science is also re-presented. Wide choices of design methods of
the developable surfaces provide not only necessary shapes and special proper-
ties; they also prove to be convenient to apply. The most part of theoretical com-
putations from the published literature are illustrated by examples or by figures.
This review article contains 159 references.

Introduction

The exten-
sive review on
applied geometry
of surfaces was
published by
N.N. Ri-jov et al
[1]. Among its
397 references, a
not great propor-
tion (20 refer-
ences) was de-
voted to develop-
able surfa-ces. 23
years later, an-
other review was
presented by
S.N.

utterly oriented
towards develop-
able shells and
contains  infor-
mation about 350
references. One
of the present au-
thors in his paper
[3] tried to enu-
merate geometri-
cians having sig-
nificant achieve-
ments in geome-
try of develop-
able surfaces
with cuspidal
edge. This paper
was assumed as a

form of develop-
able surfaces are
the cheapest con-
structions among
different geomet-
rical models of
thin-walled spa-
tial constructions
because their
fabrication is the
simplest due to
their ability to be
developed on a
plane without
any lap fold or
rupture (break).
The authors
made a careful

books and papers
on geometrical
investi-gations
and on the stress-
strain state of de-
velopable shells,
on the applica-
tions of the shells
at issue. Patents
and dissertations
ha-ve been also
looked over.
Having studied
all this material,
the authors offer
to divide it into 8
groups:

. basis of the pre-  study of all avail-

Krivoshapko [2]. gent review. able  scientific

This review is Shells in the and  technical
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1. Geometry and de-
sign of developable sur-
faces with a cuspidal
edge

Good results in
this field were received

by G. Monge,V.F.
Kagan, M.Y. Wigodskiy,
N.N. Rijov, V.S.
Obukhova, S.P. Finikov,
E.P. Utishev, V.Y.
Bulgakov, M.Y.
Gromoyv, S.N.
Krivoshapko, S.F.

Pilipaka, Auman Gunter,
J.J. Stoker, M.St. Botez,
J.P. Cleave, R. Decaux,
W. Dedonder, A.
Dobrescu, O. Gie-ring,
KI. Meirer, Fr. Myard,
Th. Poschl, A.W.
Marris, S.L. Passman.

2. Construction of
the surface
developments on plane;
common ben-ding the
fragments of
intersecting developable
surfaces; moving some
plane curve into a plane
section of a developable
surface; parabolic
bending of developable
surfaces

Such scientists
like R.U. Alimov, K.M.
Belov, I.P. Gershman,
J.N. Gor-batovich, A.L.

Martirosov, V.S. Obuk-
hova, S.F. Pilipaka, [.A.
Skidan, V.V. Vanin have
scientific achievements
in this sphere.

3. Approximation of
developable surfaces by
a system of pla-nes; ap-
proximation of complex
surfaces by a system of
developab-le surfaces

This subject
was touched upon in the
papers of V.S. Obuk-
hova, S.N. Krivoshapko,
Al Volkov, A.V. Pav-
lov, N.N. Rijov, J.S.
Zaviyalov.

4. Rolling the devel-
opable surfaces on each
other

This problem
was studied by A.L.
Martirosov, V.S. Obuk-
hova, S.F. Pilipaka, G.S.
Rachkovskaya.

5. The application of
developable  surfaces'
theory for geometrical
in-vestigations of com-
plex surfaces

Various aspects
of this problem were
studied by S.N.
Krivoshapko. First, Rus-
sian geometricians N.I.
Makarov  and V..
Kurdyumov have begun
to investigate a problem

of transition between
two surfaces with the
help of the third surface.
Presented in [4, 5, 6]
shows that developable
surfaces can be assumed
as the transitional sur-
faces.

6. The application of
the thin-walled develop-
able constructions

7. Moment and
membrane theories of
developable shells

Yuhanio
Marulanda Arb., Fares
Milad J., Barbagelata
Andrea, G.Ch. Bajoria,
Salman A. Dubheisat,
S.N. Krivoshapko, M.F.
Kopitko, Yar.G. Savula
studied a stress-strain
state of thin developable
shells. The results of in-
vestigations obtained by
these and some other
scientists were in detail
described by  S.N.
Krivoshapko in his re-
view [7]. Experimental
data for the stress-strain
state of these shells were
not found out.

8.The generalization
of developable surface's
concept  for mul-
tidimensional spaces

This part of the
investigations 1is pre-
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sented by the scholar-ly
works of Auman Gunter,
R.  Bereis, Portnoy
Esther, C. Thas, H. Vo-
gler and by the works of
Russian scientists like
V.M. Savitsky, K.N. Ga-
yu-bov, A.G. Mizin.

Something
about 80% of
publications are
dedicated to
geometrical
investigations of
developable
surfaces. The
problems of static
analysis of
developable shells
are inves-tigated in
15% of scholarly
works and the rest
of the works are
dedicated to
description of
application of the
thin-walled
constructions in the
shape of deve-

lopable surfaces.

Let wus
demonstrate in
order the main
results obtained on
developable
surfaces and shells.
In what fol-lows,

we shall use the
following notations:
X, Y, z =

Cartesian
rectangular
coordinates

i, j, k =
unit vectors in the
direction of the
axes X, VY, z

@f _ curvi-
linear coordinates in
lines of principal curva-
tures

u, v = curvilinear
non-orthogonal coordi-
nates of the surface

k, k, = curvatures
of the curvilinear coor-
dinates u, v
R, R, = radiuses of
curvatures of the curvi-
linear coordinates u,v
k;, k, = princi-
pal curvatures of the
surface A, B = Gaussian
quantities of the first or-
der in the theory of sur-
faces (coefficients  of

the  first fundamental
form)

L, M, N= Gaus-
sian quantities of the
second order in the the-

vature and torsion of the
cuspidal edge

I, b = unit
vectors in the direction
of a tangent to the cus-
pidal edge and in the
direction of the binor-
mal

n = unit

vector of the normal to
the surface.

1.Geometry and de-
sign of developable sur-
faces
A surface is called
a developable surface if
it can be develo-ped on
a plane without any lap
fold or break. During
this process, the lengths
of the curves and the an-
gles between two curves
belon-ging to the devel-
opable surface remain
unchanged.  Cylinders
and cones are the sim-
plest developable sur-
faces, being degenerate.
Let us put
down some well known
theorems and the defini-
tions for developable
surfaces without proofs.
Those who want to
know the proofs may

0 9) surfaces ,
v f f find them in the books
(coefficients of the sec- 2.0
ond fundamental form) [8, 9.
. Theorem 1.
’ CUr= Any surface of tangent
www.tech.nical.ly A0 Ao bl dad) A s



lines is a developable
sur-face.

Theorem 2
[10]. Any developable
surface is either a cylin-
dri-cal (Fig 1, a) or
conic surface (Fig 1, b),
or else a surface of tan-
gent lines (Fig 1, ¢).

Theorem 3. A
developable surface is
generated by tangent
lines of its edge of re-
gression  ( cuspidal
edge).

Any spatial
curve can be taken as an
edge of regression and
the tangent lines of this
curve will generate the
particular deve-lopable
surface. The cuspidal
edge of a cone is a point
(vertex of the cone). A
cuspidal edge of a cylin-
der is an improper point,
a meant point of which
was moved off to infin-
ity. A surface of the prin
-cipal normals and that
of the binormals of any
spatial curve cannot be a
developable surface [8].
Only cylindrical surface
is a deve-lopable surface
generated by binormals
of some plane -curve.
G.A. Dmitrieva [11]
tried to find a family of

straight lines bound up
with a curve lying on
any surface.  These
straight lines had to gen-
erate a developable sur-
face. Having taken a
plane curve as an edge
of regression one can
generate the degenerated
developable surface in
the form of a plane. The
tangent lines to an edge
of regression of a devel-
opable surface were stu-
died by J.P. Cleave [12].
Theorem 4
[10]. Only degenerated
developable surface in
the form of a plane may
be a minimal surface.
Theorem 5.
The curvature of a cus-
pidal edge remains con-
stant in every its point
if in the process of
bending the developable
surface the rectilinear
generators remain the
rectilinear generators.
Reducing  the
torsion of a cuspidal
edge but keeping con-
stant its curvature, it is
possible to generate the
developable surface on a
plane [13]. The rectilin-
ear generatrixes of de-
velopable sur-face will
remain rectilinear and

tangent to the degener-
ated plane cuspidal
edge. The rectilinear
generatrixes of a plane
development of the de-
velopable general sur-
face are not intersecting
at one point as cone
generators and they are

not parallel lines as
cylin-der generators
[14].

Theorem 6.

Every single-parametric
system of planes (with
the exception of a pencil
of  planes  passing
through any axis or
paral-lel to each other)
has an envelope surface,
which is a developable
surface.

The planes of the
system are the osculat-
ing planes of a cuspi-dal
edge, which contain the
tangent lines and the
principal nor-mals to the
cuspidal edge. V.V.
Vanin [15] studied polar
developable surfaces
generated by a one-
parameter family of nor-
mal  planes of any
curve.

Theorem 7.
Every point of a cuspi-
dal edge of a surface of
tangents is a limit of a

www.tech.nical.ly

PR O]

talead) aand)



point of intersection of
three infinitely near tan-
gent planes of the devel-
opable surface.

Theorem 8. Af-
ter bending of a devel-
opable surface on a
plane all its geodesic

lines become the
straight lines.
Theorem 9. A

geodesic line can
be drawn through every
point of every develop-
able surface in every di-
rection.

Geodesic lines
of open helicoids were
studied by R. Deaux
[16]. He has shown that
principal normals of
every geodesic line
make a constant angle
with characteristic of the
rectifying planes of the
cuspidal edge.

Theorem 10
[17]. Two surfaces can
be moved up by bending
from one into another
surface if Gaussian cur-
vature of both surfaces
has the same constant
value.

Therefore, all
surfaces having a zero
Gaussian curvature K =
ki ko, = 0 may be pro-
duced by bending a

fragment of a plane.
This asser-tion has been
proved by S.P. Finikov
[18] in 1952, and later
by Dobres-cu [19] in
1958.

So if any sur-
face has zero Gaussian
curvature in every point
then it is the required
and sufficient condition
for a deve-lopable sur-
face. Rectilinear genera-
trixes of developable
surface are asymptotic
lines. Developable sur-
faces have only para-
bolic points in which &
k, = 0, and that is why
rectilinear generatrixes
are the lines of principal
curvatures. The single
asymptotic line (a recti-
linear generatrix), pass-
ing through every point
of the surface, will be
conjugate to any other
line passing through the
same point.

Theorem 11
[13]. The normals to a
surface along principal
cur-vatures' lines form
the developable surface,
a cuspidal edge of
which generates the ap-
plicable principal center
of curvature [20].

Theorem 12

[17]. A developable sur-
face in contrast to an-
other ruled non- devel-
opable warped surfaces
has two adjoining recti-
linear generatrixes
which intersect each
other, while rectilinear
generat-rixes of ruled
non-developable surface
are skew lines.

Theorem 13 (J.H.
Jellett's theorem) [21].
An analytical surface
cannot be bent with
some rigid curve if this
curve is not an asymp-
totical line.

Theorem 14 [10].
If two developable sur-
faces are touching each
other along some line
then this line presents a
common generatrix.

Theorem 15. The
evolute L is the cuspidal
edge of a developab-le
surface S formed by
normals of the evolvent
L.

So the / evolvent is
an orthogonal trajectory
of a tangent line of the L
evolute.

Theorem 16. After
bending of a rectifying
surface of a line L in a
plane, this line L be-
comes a straight line.
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The  developable
surface rounding the
system of rectified pla-
nes of a line L is called a
rectifying surface of the
L line. A rectifying sur-
face of a spiral line L is
a cylindrical surface on
which the L line is
placed.

Theorem 17 [22].
If at any point of a de-
velopable surface one of
the normal sections not
registering with a prin-
cipal direction has a
singular point with cur-
vature equal to zero then
all normal sections of
this point have zero cur-

vatures.
Theorem 18 [23].

Ratio (K/'* )¢ = K/'*
examined on a spatial
geodesic line C of a de-
velopable surface F is
equal to tangent of the
ang-le of the C curve
with a rectilinear gen-
eratrix of the I, surface.

Here k is curvature

and * is torsion of the
geodesic line C of a de-
velopable surface. Z.T.
Makarova [23] has pre-
sented equations for de-
termination of the cur-
vature and the torsion of
geodesic lines of devel-

opable surfaces. These
parameters depend on
the curvature and the
torsion of a cuspidal
edge of the developable
surface.

Taking in view the
given theorems one can
start doing the conside-
ration of design methods
of developable surfaces.
Some developab-le sur-
faces were named in
honour of the scientists
[24, 25, 26].

1.1. The design of de-
velopable surfaces en-
veloping
a single-parametric sys-
tem of planes

Let us take

two spatial curves
r =x1i +_)/]j +Zlk :fl
)i + Fi(2)j + zk = fi(
Pri+r(? )i+ Pk,
ry =Xl + yy

t2,k = fo(2)i + Fa(2)j +
zk=f(7 )i+ Fy(” )j

+ 7 k. (1)

If a tangent
plane touches two
curves (1)
simultaneously
then it is obvious

that

(), 17 m( )
- ("] =0
(2)

So the condition of
uniqueness of develop-
able surface can be ob-

tained. It follows from
formula (2) that

r=op) . B=o0)

these functions are con-
tinuous and one-valued
of § or y then and only
then the single develop-

able surface passing
over the two given
curves can be con-

structed, otherwise one
shall have several deve-
lopable surfaces [27].
Having the equations of
two curves (1) it is pos-
sible to find the equation
of a single-parametric
system of the planes M
(x,3,z,y) = 0 after elimi-
nation of three parame-
ters from four algebraic
equations obtained by G.
Monge [28].
Having excepted y

from two equations

M(x,y,z,y) = 0 and dM/
dy = 0
3)

it is possible to derive
an implicit equation of
the developab-le sur-
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face.  Solving three
equations M(x,y,z, y) =
0, dM/dy = 0, and d*M/
dy* = 0 jointly one can
obtain the equation of
the cuspidal edge as x =
x(), ¥y =), z=z()
[28].

If two directrix
curves are given by the
parametric equations Xx
=xi(t), y =nit1), z =z
(tl) and x = Xz(fz), Y =
(), z = zy(t,) then, re-
writing them in a vector
form as r; = r((t,) and r,
= ry(t), it 1s easy to
write the condition of
complanarlity of three
vectors in the form [r; —
o, rl/, rz/] = (.This con-
dition of uniqueness of
de-velopable  surfaces
gives an opportunity to
find [27] H :f(lz) or t, =
F(#,). After this it is easy
to obtain an equation of
the  sing-le-parametric
system of planes as a
normal equation of the
plane perpendicular to
the unit normal vector of
the surface in the form

n =r1(f(t2)) X r2(f2)/|r1
X l"2|.

After some ma-
nipulations it is possible
to get the equation of
the single- parametric

system of planes [29]. If
needed, one may use the
order of the calculation
considered before.

The listed equa-
tions were used in paper
[30] where the equa-
tions of the cuspidal
edges of developable
surfaces with two given
plane directrix curves
(1) were obtained. For
example, the directrix
cur-ves were assumed in
the shape of two parabo-
las  with intersecting
axes (Fig 3); two pa-
rabolas on vertical inter-
secting planes (Fig 4);
two parabolas with one
common axis; in the
form of two parabo-las
of the n and m-power: x
=0,y=a"andx =1y
= bZ"; two ellipses,
placed in parallel planes
(Fig 5), and in the form
of a parabola and a cir-
cumference. A mono-
graph [31] contains an
information about
eleven developable sur-
faces with two plane di-
rectrix curves.

Two parabolas
placed in perpendicular
planes [29]

x=(z-
q)*/(2p>), y=0 and x

=0, y=2/(2py)

4)

have been taken as the

directix curves (1) too.
For example, the

parametric equations of

a cuspidal edge of the

developable surface

having the curves (4) are
the following [29]:

x=—(? — g 1apg).
y=(" +qyi4pg). z
=37 n+qn,

where - z but z be-
longs to the parabola
placed in the xz plane.
Condition (2) gives y =

P q. Assume two pa-
rabolas x = 0, y = az’
and x = [, y = bz* placed
in parallel planes, then
condition (2) will give y

=a 'B/b [32] and para-
metric equations of a
cuspidal edge will be as
x=bl/b-a),y=z=0.
This is a cone if by

chance » * « and this
is a cylinder if b = a.
The  degenerated
developable surface is
available too if we as-
sume the directrices (1)
in the form of the hyper-
bolas x = 0, y = a/z and
x =1, y = b/z. Then from
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formula (2) we have p
7'a/b, and equa-

tions of the edge of re-
gression will take the
following form:

So a cone is avail-

able if by chance b * a
or a cylinder is if a = b
[29]. An interesting ex-
ample can be presented
if we take the curves (1)
as x = z27/(2p)), y = 0
and x = 0, y = z/(2p»).
Then due to expression
(2) we have f =y, and
using Monge's four al-
gebraic equations one
may find the single-
parametric system of
planes [29]:

M=2:7 -7 2 2xp;—

2yp,=0.
Having excepted the y

curves were also studied
by GE. Pavlenko [27],
V.Y. Bulgakov [33], P.I.
Vorobkevich [34], N.G.
Olhovichenko [35, 36,
37], Sh. Muradov [38],
and by others.

I.V. Kashina [39]
presented a new design
method for developable
and ruled non-
developable surfaces
dealing with a rolling of
sphere on two support
curves. The developable
surfaces are generated
by a one-parameter fam-
ily of planes passing
through the center of the
rolling sphere. Some
analytical  expressions
are given in [40] for de-
sign of developable sur-
faces formed as a result
of rolling the sphere on

parameter from

two equations (3) it[X = al/(a—\/E?), y=z=0.

is easy to deter-
mine the equation of the
de-velopable surface as
2> = 2xp, + 2yp,. This
developable surface is a
cylinder because it does-
n't have a cuspidal edge.
The same result can be
obtained after using the
formulas (4) with g = 0.
The properties of
developable surfaces de-
signed on two plane

100 \

two skew straight lines.

1.2. N.N. Rijov's
method of developable
surfaces' design

N.N. Rijov has pre-
sented a new method for
the design of develo-
pable surfaces [41, 42].
He recommended repre-
senting a ruled sur-face

with the help of the
equations of its genera-
trixes

yv=kx+1 z=mx +n,
(5)
where &k, [, m, n were
functions only of one
parameter. It was de-
mons-trated that a sur-
face given by rectilinear
generatrixes would be a
developable surface if

dl/dk = dn/dm or /K
= n'/nt,
(6)

where K.I,n’m’ are the

derivatives of the func-
tions with the respect to
the one parameter. Con-
dition (6) is called as the
con-dition of developa-
bility. In this case, the
parametrical equations
of a cuspidal edge may
be written as
x = —dl/dk = —dn/dm, y
=kx+1 z=mx+n.
A developable sur-
face degenerates to cone
if by chance x = —dl/dk
= —dn/dm = const, or to
cylinder if x = —dl/dk =
—dn/dm = * [42].

1.3. Design of develop-
able surface having
only one given line
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of curvature a. and one
known line of curvature
B

The following
theorem was proved in
paper [43] on the basis
of theorem 11:

Theorem. If a
straight line and a
curve, orthogonal to this
straight line and inter-
secting it, are given then
a single parabo-lic sur-
face exists and it has
these lines as lines of
principal cur-vatures.

For example, R.
Alimov [44] constructed
a developable surface
with a given line of cur-
vature a, which had the
parametrical equations x

=x(" ) y=y(") 2=

z( p ). First he has as-
sumed a condition of
intersection and a condi-
tion of orthogo-nality
with the curve a for a
system of straight lines
(5) but afterwards he
used the condition (6).
This condition
of developability
gives a differential
equation

dkid P = (o + kq\(pk —
/(1 +p*+ ),

E

S

101 \

(7)

where symbols p = /7,
g = /7 are used. Solv-
ing this equation (7) it is
possible to find k£ = k
(B,c), where c is any
constant. Having known
this constant ¢ one may
determine equations of a
continued network of
the straight lines (5) of
the developable surface.
A developable surface
with a given line of cur-
vature in the form of pa-
rabolax=0,y =u, z =—
au’ was researched in
[45], where differen-tial
equation (7) was written
as dk/du — kl(u + 4a*u’

= 0. The solution of this
equation was assumed
in the following form:

k = uc/N1+ 4a*u?

where ¢ = const. Having
presented the equation
of a tangent to the pa-
rabola as (x — 0)/0 = (y —
w1l = (z + au®)/( 2au)
it is possible to write an
equation of a normal to
this tangent line of the
parabola as
x—=0)/L=W—-u)/
Qauny) = (z + au®)/n

or 2aunx/l; + u =y and
nx/l, — au* = z. Com-
paring the last expres-

sion and (5) Alimov and
Vohidov [45] found that

k = uc/\1+4a’u? ] =

u, m = k/2Qau), n = —
au’. Parametrical equa-
tions of the cuspidal
edge of the considering
developable surface they
determined as
x=—@du*+ 1)"e, y =
4%’ z = 3au*— 1/
(2a).

The ¢ parameter is
linked with a ¢ angle of
a principal normal with
a rectilinear generatrix
passing through the pa-
rabola's top as ¢ = 2a/

tan ¥ [44].

It is possibly to
prove the next theorem:

Theorem [8]. If all
rectilinear generatrixes
of a developable surface
of normals of any curve
( to turn round in the
appointed normal
planes on a constant an-
gle then a new surface
of normals will be de-
velopable one too.

One paper [46] is
available presenting a
design method of devel-
opable surfaces when
the { line is given with
the help of its tabular
discrete meanings as a

www.tech.nical.ly

PR O]

talead) aand)



function of the arc
length.

1.4. Analytical
methods of L.V.
Gyachev

L.V. Gyachev [47]
presented two analytical
methods for the design
of developable surfaces.
He recommended repre-
senting a developable
surface with the help of
a given directrix and the
equation of a curve of
spherical representation
of the designed surface.
Gyachev also has de-
scribed in detail the ana-
lytical method of design
with the help of a given
directrix and the equa-
tion of a spherical indi-
catrix of the tangent
straight lines to geodesic
lines of designed devel-
opable surface.

1.5. A geometrical de-
sign of developable sur-

face
with the help of known
cuspidal edge
This method is

widely used in graphical
design. We shall consi-
der only analytical
methods. Those who
want to use graphical
met-hods may study the
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papers [48, 49, 50].

According to theo-
rems 1, 2, 3 it is possi-
ble to write the equation
of a developable surface
in the vector form [8, 9,
10, 13]

r=r(uv) =p©m) +ul(v),

(8)

where p(v) is the radius-

vector of a cuspidal

edge,

pv) =x(v)ityWw)j+ z
(V)k;

x(v), y(v), z(v) are the

parametric coordinates

of the cuspidal edge, /

(v) 1s a unit tangent vec-

tor, given at every point

of the cuspidal edge by
vy = p0p)|
€))

Thus a developable
surface with the curvi-
linear coordinates u, v is
obtained. The u coordi-
nates (v = const) are the
rectilinear gene-ratrixes
of the surface and a
curve u = 0 is a cuspidal
edge. H. Vogler [51]
studied the lines u =
const of developable
surfaces. If we take as
the v parameter the
length s of a cuspidal
edge, then we have the

following  parametric
equations of the cuspi-
dal edge: x = x(s), y =y
(s), z = z(s). In this case
Eq.(8) is:

r
= r(u,s) = p(s) + ul(s) =
ps) + up(s).

(10)

The  developable
surfaces of constant
slope generated by tan-
gent lines of helixes ly-
ing on the 2-nd order
surfaces were pre-sented
in Zamyatin's disserta-
tion [52]. S.V. Beskopil-
naya [53] has demon-
strated a method of
automatic modeling the
developable surfaces of
constant slope with cus-
pidal edges in the form
of helices lying on a
one-sheet  hyperboloid
of revolution (Fig 1, ¢).
Once more developable
surface of constant slope
was  presented by
Wunderlich W. [54] (Fig
6) who also studied an
interesting developable
surface with cuspidal
edge on a one-sheet hy-
perboloid of revolution
(Fig 7). A monograph
[31] contains an infor-
mation about 13 devel-
opable surfaces with
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given cuspidal edges.

1.6. A kinematic method
of rotation of plane
with a straight line

around a cone or

around a cylinder
Assume, P 1s a tan-
gent plane to a cylinder
with radius 7z u 1s an an-

gle of the x axis with a

normal to the plane P; ¢,

v are the rectangular co-

ordinates shown in Fig

8. Due to Fig 8 paramet-

ric equations of a devel-

opable surface shown in

Fig 9 can be deter-

mined as

x =
rcosu — tsinu, y = rsinu

+ tcosu, z =,

(11)

where ¢t = ¢cv + b — ru,

the lines u = const and v

= const are the lines of

principal curvatures.

This surface has the cus-

pidal edge x = rcosu, y

= rsinu, z = (ru — b)/c

in the shape of a helix

on a circular cylinder
with the r radius. The
similar research may be

performed if we ta-ke a

tangent plane to a circu-

lar cone (Fig 10, 11)

[31]. This kinematic

method is described
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adequately in the schol-
arly works of I.A. Ski-
dan [55-57 ].

1.7. Design of a devel-
opable surface as an
envelope surface of a

family
of circular cones

A.G. Varvaritsa [8]
has demonstrated the
method of design by the
following example: Let'
s take the cone tan’a [(x
—aY+ (y-b-22=0
where o is an angle of a
rectilinear generatrix
with a plane H; a, b are
the coordinates of the
cone vertex. Assume the
equation of a curve
along which the vertex
of a cone is moving as y
= fix) or b = fla) and
then one may write

F(x,yz,a) = tan’a{(x —
a)’ + [y -fa)’y —2°=

0.

After differentiat-
ing on the a parameter
Varvaritsa  [58]  has
found
oF/da = f(a@)ly —fla)]+

x—a=0.
Having excepted a from
the both equati-ons he
obtained an equation of
an envelope surface in
the form: R(x,y,z) = 0.
Theorem [59].The

horizontal projections of
rectilinear genera-trixes
of a constant slope sur-
face, directrix curve of
which is a curve of in-
variable slope to the H
plane,  constitute the
constant angles with
tangent lines to the hori-
zontal projection of a
directrix curve.
Complementary

information is available
in [60, 61, 62, 63].

1.8. Design of a devel-
opable surface resting
on an isolated space
curve

Choosing a support
contour the investigators
have to take account of
two factors: 1) a support
contour must have not
more then two points of
tan-gensy  with  any
plane and 2) a support
contour is a smooth
curve and the form of its
plan is a convex isolated
curve.

Theorem. For a
given spatial curve, only
two developable sur-
faces resting on it exist
and every rectilinear
generatrix of these sur-
faces intersects  the
given isolated curve in
two points [64].
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An example of
geometrical design of a
developable sur-face
resting on an isolated
space curve was given
by A.L. Volkov [65]. He
has taken an 1isolated
curve defined as a result
of inter-section of a cyl-
inder and a hyperbolic
paraboloid. Two cylin-
drical surfaces were
constructed on this spa-
tial curve. An analogous
problem was studied in
[66]. L. Bourget noted
that this problem was
bound up with a prob-
lem of manufacture of a
package in the shape of
a cylindrical tube.

1.9. Vector and pa-
rametrical equations of
developable surfaces

If an equation of a
cuspidal edge is known
one may use vector
equation of a develop-
able surface (8) or (10).
Let us take a helix on a
cylinder

X = acosv, y = asiny, z
= bv (12)
as a cuspidal edge. Then
we have from Eq. (8)

X = acosy — ausinv/m,
y = asinv + aucosv/m, z

= bv+bu/m, m* = a* +
b (13)

The arc length s of
the cuspidal edge is de-
termined by the formula
. \/a!2 +b%y _
s = = myv, so
v = s/m. Having substi-
tuted v into Eq. (12) we
obtain

%=
acos(s/m), y = asin(s/
m), z = bs/m
(14)

and then using formulae
(13) or Eq.(10) we may
find

X = acos(s/m) — ausin
(s/m)/m, y = asin(s/m)
+ aucos(s/m)/m, z =b
(st+u)ym. (15)

So, a curvilinear co-
ordinate s = const is a
rectilinear  generat-rix
tangent to a curve (14)
and a line u = const is a
helix on a cy-linder with

. r=avl+ w? | m?
radius

The equation of a
developable surface can
be obtained without pre-
liminary determination
of the edge of regres-
sion. So if one assumes
two director curves r; =
ri(u) and r, = r(v) we
may write a vec-tor
equation of the develop-
able surface as

r(u,A) = ri(u) + A[r(v) —
ri(uw]

where 05451 Ac-

cording to the condition

(2) B. Bhattacharya [32]

pre-sented

r(v) = r[vw)] = R(u),
m(u) = R(u) — ri(u)

and then he obtained

r(u,A) = ri(u) + im(u).

(16)

An equation of a
developable surface de-
signed with only one
line of curvature o and
with one line of curva-
ture f, taken as the di-
rect-rix curve a, can be
presented in the vector
form [67]:

r(a.p) = p(P)+ ae,(p),
where p(f) is a radius-
vector of the line of cur-
vature a; e,(f) = ncos

® 4+ bsin ®, where n
is a unit vector of a nor-
mal to the curve p(f); b
i1s a unit vector of a bi-
normal, e,(f) is a unit
vec-tor coinciding with
a rectilinear generatrix
of the developable sur-
e, © js'xdﬂw’
where S =[dp/d P |, «
is torsion of the a cur-
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ve; V' is a constant of in-
tegration. The scholarly
work [68] is available
considering developable
surfaces with genera-
trixes coin-ciding with
vectors of G. Darboux.
G. Zlatanov and B.
Tsareva [69] offe-red a
new vector equation of a
single-parametric  sys-
tem of pla-nes bound up
with some curve. So, an
opportunity occurs to
use for-mulae (3). The
same problem is studied
in the paper [70].

A well-known de-
velopable conic helicoid
(Fig. 12) has a cuspidal
edge in the form of a
conic spiral [71]

rosmxlcosv e y =

r,sinAsiny ekv ;
rocos/l-ekv,
where A = const is an
angle of the oz axis with
the cone generatrix.

A developable sur-
face of constant slope
[72] (Fig 13)

X = acost + atsint + uat-
cost; y = asint — atcost
+ uatsint; z =
0,5af’tanf + uattanf

has a spiral edge of re-
gression on a paraboloid
of rotation (u = 0).

E

S
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Vector or parametri-
cal equations of 28 de-
velopable surfaces are
given in the monograph
[31].

1.10. Gaussian quanti-
ties of the first and the
second orders

Using an equation
of a developable surface
(8) and the expressions

ds* = drdr = Adu’

+ 2Fdudv + B*dv*
and
~drdn = d’rn = Ldu® +
2Mdudv + Ndv*

one can obtain
AP=1, FF=x"+)"+
2,

B = F*+
WP+ Y2+ %) —
X+ W+ LNV
(17)
(18)

The values of
Gaussian quantities (17)
and (18) can be rewrit-
ten in the following
form [29]

AA=1,FF=x"+
Vi+ 22 BP=F(1 +
k), L=M=0, N =
uF’k® . (19)

Using a formula
(10) S.P. Finikov [13]
has obtained

A*=1,
F=1,B=1+u’k L=

M=0,N=uk’™ .
(20)

For the develop-
able surface (16) with
curvilinear coordinates
u, A, B. Bhattacharya
[32] has derived
A*=[m@w)]?, B> =rur, =

[dri/du + Am(u)], F =
m(u)dr\/du + im(u)m,

(1),
N =
nr,,= n[dzrl/a’u2 + Am,,
(w)], L=M=0.

21)

It follows from Eqs
(17) = (21) that the cur-
vilinear coordinates u, v
in (8), u, s in (10), and
u,/ in (16) are non-

orthogonal (F * 0), con-
jugate (M = 0) coordi-
nates. According to the
formula cosy = F/AAB)
and to Eq (21), where y
is an angle between two
intersecting cur-vilinear
coordinates, it is easy to
prove that if two direc-
trix curves are in paral-
lel planes, then the coor-
dinate lines u (1 =
const) intersect any
fixed generatrix A at a
constant angle, ie, the
angle y does not depend
on the parameter 4 [94]
or
dy/d). = 0.
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V.N. Ivanov [67]
determined the Gaussian

tance |u| from a cuspidal
edge to some point on

quantities

Y ST the surface.
of de-\7 —ar=0 N:”(P pp ).Having u
velopable ’ F2 B —F* | &> . we
su_rfaces _ _ find that
vy1th one given straight P
line of curvature o and and the non-
with one given line of orthogonal coordinates

curvature £.

The ratios of quad-
ratic forms of surface
have to satisfy the two
equations of Peterson —
Codazzi and the one
equation of C.F. Gauss.
According to Fig. 14
S.N. Kirivoshapko has
obtained a new form of
representation of Gauss'
s equation [29]:

or for developable sur-

faces: o’y + ¥ ,+ ¥
J/ouov = 0.

Knowing k, = -L/
A?, k, = —N/B* or for de-
velopable surfaces k, =
0, k, = —N/B’, it is possi-
ble to obtain the princi-
pal curvatures of devel-
opable surfaces as k, =
ki = 0 and k, = w/(uk).
The expression tany =
uk derived by S.N.
Krivoshapko with the
help of Eq (19), shows
that tany increases pro-
portionally with the dis-

E

i
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u, v would be asso-
ciated with the lines of
principal curvatures. So
we have k1 = k,=0, kr, =
K/tany,

It is known that a
helix (12) or (14) has k
= afd* + b*) and ¥ =
bAa* + b%). Hence, due
to formulae (19) it can
be found that

A=1,FP=ada+
b, B*=F +u’a’/F°, N
= uab/F’, L =M =0
(22)
for an open helicoid
(13), and due to formu-
lae (20) one can obtain

A=F=1,B~=
1 +u*a*(a* + b L =
M=0,N = abu/(a* + b

i (23)
for an open helicoid
(15).

Substituting coor-
dinates x, y, z of the de-
velopable surface (11)
into the formulae for de-
termination of Gaussian
quantities of the first

and the second order
one may obtain [56]

A =ru,= (ecv+b
—ru)Y =7 F=0,B"=
rr,=1 +cz,M=N=O,
L =A/B.

These expressions
show that curvilinear
coordinates u, v of a sur-
face (11) are the coordi-
nates in lines of princi-
pal curvatures. A frag-
ment of an open helicoid
(Fig 15) limited by two
lines a = a; = const and
a = ap = const and by
two li-nes f = f; = const
and f = B, = const may
be presented by the fol-
lowing vector equ-ation

r(a,
p) = ae + (0p— o +fcos

© )g +fsin © K
(24)

where p= | A= feos®
g+ Psin® k|, A 1S the
radius-vector of a recti-

linear generatrix, © s

an angle of the vector g
with

the | (IN-M?) &(y+¥,+¥)
VEC- f -
tor AZB2 _F2

2

. For this case, Yu-
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Azzr(l ra: (

oy —a+ fcos® )2/a2 F=

L=@w"r%r
P YA =450 jy p=

00 N=@Prer?)
A=0. (25)

Hence here o and S
are the curvilinear coor-
dinates in lines of prin-
cipal curvatures.

The  parametrical
equations of a develop-
able surface of constant
slope with a cuspidal
edge on a paraboloid of
rotation (Fig 13) were
given at the end of the
part 1.9. Ga-ussian
quantities for these sur-
face were determined in
the following form

A*=rr,=d[(u + 1)/

cos®  + uztz], F=rr,
= &’t(u + f)/cos®
B =rr, = a**/cos’
, L= (ryra,)/

4B -F autsin
F M=N=o0.
F.S.  Sulukmanov
[73] has presented new
parametrical equations
of a developable helical
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surface as x = x(u,v) =
ucosv, y = y(u,v) = us-
inv, z = zZ(u,v) = pv + f
(u) where p is the spiral
parameter, f(u) is un-
known function for the
present. He has used the
expression LN — M* = 0
and after substi-tutions
he has obtained the dif-
ferential equation u’f 7
w)f'(u) = p* and its so-
lution as :

where ¢, d are any con-
stants of integration.
Giving some numerical
values to p, ¢, and to d
one may construct the
developable helical sur-
faces with different me-
ridians.

2. Construction of the
surface developments
on a plane;

a common bending
the fragments of inter-
secting developable
surfaces;

movement of any
plane curve into the
section of a develop-
able surface;

parabolic bending of
developable surfaces

2.1. Parabolic bending
of an open helicoid

Let us take an an-

nulus with inside radius

a, (Fig.16) and cut it
along a straight line
passing  through the
point with coor-dinates
X =a, y = 0 and paral-
lel to the y axis. This
straight line is the tan-
gent line to the inside
contour. Parabolic
bending transforms the
annulus into an open
helicoid with a cuspidal
edge in the form of a he-
lix, lying on the cylinder
with radius a (a = a,.
cos’p) [74, 75] where ¢
is a helix angle. An open
helicoid (13) or (15) has
tanp = b/a and b =
atangp = a,SINECcosQ.
Substituting b into the
parametrical equations
(15) S.N. Krivoshapko
[76] obtained

x = a,c08°p [cos(s/m) —
usin(s/m)/m], z = sing

(S + I/l),
y=a,.
cos’g [sin(s/m) + ucos
(s/m)/m], m = a,cosp.
(26)

Hence, taking an
annulus cut along a tan-
gent to the inside con-
tour, we can write the
equations of the all class
of open heli-coids, con-
structed by the parabolic
bending of this annulus.
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Every helicoid shown in
Figl7 has the same
plane circle develop-
ment shown in Fig. 16.
A design, develop-

elastic displacement U
(u,5) = ru,/A + rauy/B +
nu, during the parabolic
bending of an open heli-
coid with 4 moving

with conservation of
lines of principal curva-
tures.

2.2. Construction of

ing, and manufac-
ture of open heli-1/ ()

=+~u’/c’—17F parccos (c/u)+d

surface develop-
ments on a plane

coidal surfaces

from sheet materials are
set forth by O. Kienzle
[6]. He studied the op-
portunities of construc-
tion of continuous heli-
cal surfaces from frag-
ments of elementary
helical surfaces both in
the axial direction and in
the radial direction.

Let us consider the
paths of the moving rec-
tilinear generators of an
open helicoid during its
parabolic bending.
Knowing the equation
of an rectilinear genera-
trix passing through the
po-ints with s = 2za,, u
=0and s = 2na,, u = u;
(Fig 16) it is easily to
determine a trajectory of
this generatrix due to
formulae (26). By anal-
ogy it may be made with
other rectilinear genera-
trixes.

Parametric  equa-
tions (26) make possible
to calculate the compo-
nents of the vector of
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sides. These 4 boundary
sides change the slope
of their tangent lines
too.

If we take an annu-
lus for the first position
then it is pos-sible to ob-
tain [76]

u,= (s + u)sin Y =z u
w/1+u2/a2
:a"go 01—

2 .
cos”  (coss; + usins;/

m)]/u, 0

u, = cos’ [a,(1/

2
cos ¥ — Dsins; + (a © /u
2
+u/cos ¥ Ycossi]—a 0 /
u—1u,

where s; = (cos ¢ _ 1)s/
m. Parabolic bending of
the annulus into an open
helicoid can be realized
with one rectilinear gen-
eratrix (s = 0) fixed (Fig
2).

Nakayama Kazuaki
and Wadati Niki [77]
investigated the motion
of de-velopable surfaces

Construction of
shells with developable
middle surfaces foresees
a process of drawing of
developments of their
middle surfa-ces. As a
rule, methods of con-
struction of the surface
develop-ments are based
on the invariance of
Lame coefficients in
theory of surfaces.

Theorem [78]. If
only one rectilinear gen-
eratrix of a develo-pable
surface transforms into
a rectilinear generatrix
of other developable
surface then it is the re-
quired and sufficient
condi-tion for the para-
bolic bending of any
ruled surface.

Theorem [78]. If the
bending of any surface
F, into a surface F, is
parabolic then the sur-
faces F, and F, are
ruled surfaces.

It is necessary to
pay attention also to
theorems 5, 8, 10, 13,
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16. Let us examine only
analytical methods of
design of de-velopable
surfaces' developments.

A coordinate
method. The x,, y, coor-
dinates of the points of a
development are ob-
tained with the help of
the formulas [8]

where k(s) is a curvature
of the cuspidal edge. As
an example we can take
an open helicoid with &
= k(s) = ala* + b)) =
const and then

x,= (m*/a)sin(as/m”) +
ucos(as/m?), Vp= —(m%/
a)cos(as/m?) + (m*/a) +

usin(as/m?).

Let us limit the de-
velopment by a curve of
intersection of an open
helicoid (15) with the
x0y plane (z = 0). This
procedure gives the fol-
lowing equation:

z=>b(s + u)ym*=0
and then we shall have u
= —s. Hence, taking u =
0 one may find the
equations of a plane cus-
pidal edge

X, = (m’/a)sin(as/m”),
Vpe = —(m*/a)cos(as/m”)
+ (m*/a)
which are the equations
of a circumference with

E
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radius R = 1/k = m/a.
Taking u = —s one can
determine the equations
for the developed-on--a-
plane curve of intersec-
tion of the helicoid with
the plane z=0.

A method of con-
sistent calculation of
lengths and angles was
described in the paper
[79]. Its essence consists
in the follo-wing. After
determining an equation
of a cuspidal edge it is
necessary to write the
equations of contour
lines 1n the form u; = u;
(v) and u, = u(v).
Lengths L of rectilinear
generatrixes are  ob-
tained with the help of
the formula L = uy(v) —
u(v). Angles betwe-en
the contour lines and the

rectilinear generatrixes
can be found from the
formula

where i = 1; 2. The

lengths of the contour
line between two recti-
linear generatrixes are
determined from the fol-
lowing formula
where i = 1; 2.

Let us examine this
method. As an example,
let equations (13) repre-
sent the open helicoid

[80]. Assume a =2 m, b
= 1 m then, accor-ding
to formulae (22), we ob-
tain F* = 5, B> = 5 +
4u*/5. Let us assume the
coordinate lines u = u,
=3mandu =u, =6 m
as the contour lines.
Hence, we may derive
the following linear and
angular numerical pa-
rame-ters: L = up — u =

3mandcos¢1= \/E/
5

VIFHES 6401 or

¢ =5012,cos ¥, =

0.3846 or ¥, = 67°24',

s1= 3.49(v; —w), 52 =

5.81(v;— vi). Assume A

v =v;— v, = n/12. In that
case we have s; = 0.91
m and s, = 1.52 m. On
the basis of the above-
obtained values one can
draw the development
(Fig.18).

Using the same ap-
proach G.C. Bajoria [81]
offered to use the for-
mulae of analytical ge-
ometry for calculation

of L, % and S

R.U. Alimov's
method. This method is
used for developable sur
-faces defined by formu-
lae (5). Using the invari-
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ance of parabo-lic bend-

is necessary to calculate

development [42, 82] in
the following form

where .

An 1llustration will
make this clear. Let us
draw a develop-ment of
one turn of an open heli-
coid with the edge of
regression (12). Equa-
tions of a continued net-
work of rectilinear gen-
eratrixes can be found
from the formulae (13)
after eliminating the u
parameter from the sec-
ond and third equations,
SO
y = a/siny — x/tany;,  z

= b(v + 1/tanv) — bx/
(asinv).

So we have k = -1/
tany, / = a/sinv, m = —-b/
(asinv), n = b(v + 1/
tany). Then it

Z) =6

f::

ing, N.N. Rijov and [2 2
RU. Alimov have de- “= a/¥* %" I
- that case,
x, = j jk(s)ds ds +ucos| [k(s)ds |;|due to Ali-
0 0 mov's  for-
- mulae  we
v, = j j k(s)ds |ds +usin| [ k(s)ds |;|may find
0 0 = (x —
acosv)mcos
rived the equations for a (av/m)/(asiny) — m’sin
mathematical model of (av/m)/a,
developable  surface's = (x -

cosv)msin(av/m)/(asinv)
+ m*cos(av/m)/a..
(27)

At last, it is neces-
sary to substitute the x
coordinate of the cuspi-

An additional re-
view of methods of
making the develop-
ments. [.A. Skidan of-
fered methods for a de-
velopable surface (11)
and for a develo-pable
surface with a cuspidal
edge lying on a cone
[56, 57]. For the appli-
cation of these methods
it is necessary to know
the equa-tions of the
cuspidal edges. We must
mention the well known
method of triangulation.
This is an approximate
method with change of a
developable surface by a

dal edge
from formu-

cos @,

:(F+

u) Ju + 2Fu| + B?,

lae (12) into
formulae (27) and then

X, =—m sm(av/m)/
a and y,=m’cos(av/

m)/a.

These are the para-
metrical equations of a
circumference. If some-
body wants to draw a
curvili-near coordinate u

system of plane trian-
gles [14, 83]. Deve-
lopments of polar and
rectifying  developable
surfaces are also known
[84, 85]. A.L. Martiro-
sov [86] uses director
cones for construction
of the developments of
the 4-th order de-

const on| t 5 -
the plane|" :J\/ " +2FY +Bdy
develop- u

velopable surfaces
with two di-rectrix

ment he must subs-titute
u = u; into the formulae
(13) but the result he
must substi-tute into the
expressions (27).

plane curves. L.S.
Panasyuk [87] supposes
that his  paratra-ce'
method simplifies geo-
metrical calculation of

I\
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the developments. :
0. Kiome tggi[s =t 1 K N £ sineo= [ (18 )N+ 4 sin

devoted much at-

tention to the con-
struction of devel-
opments of com-

a =

I (k/m—km/)z+k/2—|-m/2

surfaces of con-
du |stant slope of their

l+k*+m?

rectilinear genera-

pound  develop-
able surfaces and pre-
sented a new method for
their construction. Some
diagrams, graphs and
schemes of the devices
was prepared by
A K.Gitis [89] to
mechanize the process
of design of develop-
ments of the develop-
able slope surfaces. She
used formulae of the co-
ordinate method.

Several graphical
methods are presented
in the reference book
[29].

2.3. Common bending
of fragments of inter-
secting developable sur-
faces

Common bending
of intersecting develop-
able surfaces' frag-
ments is such simultane-
ous bending when their
line of intersection is
transformed into the line
of intersection of the

bent surfaces.

A problem was for-
mulated in [1] in the fol-
lowing way. A deve-
lopable surface @; is
given and a line / on it is
given too. It is necessary
to find another develop-
able surface @, which
will inter-sect @, along
the line /. These two sur-
faces @, and @, must be
de-veloped on a plane
by common bending.
Let us assume some
well known conclusion:

1. if a line of inter-
section of two surfaces
@, and @, is a straight
line then it is obviously
that this is a rectilinear
ge-neratrix and it will be
not separating;

2. not separating
line of intersection of
two developable sur-
faces may be a principal
curvature line for both
surfaces @; and @, if
these surfaces are the

trixes.

An analytical solu-
tion of this problem was
given by I.P. Gersh-man
in his paper [90]. He of-
fered to take an equation
of a surface @; as P
(xyzt) =0, P(x,yzt) =
0 by analogy with the
Eq. (3). Let us present
any line / lying on a sur-
face @, as P(x,y,z,t) = 0,
P(x,yzt) =0, F(x,),2) =
0 and let us write its
equation in the paramet-
rical form as x = x(¢), y
= (), z = z(t). An equa-
tion of a single-
parametric system of os-
cu-lating planes for the
curve / can be written as
Ax(H)x + By(f)y + Cy(2)z

+ D, (t) =0 or O(x,),z,t)

=0, where
Ax(t) =y —2); Ba1)
=Zx’ - )//)/} ;/‘z(t) =xy’

Dy(8) = —=Ax(t) — B2y(?)
- CzZ(f).

Then, an equation

of a sing-le-parametric

system of planes

X, =(x+l//k/ N1+k> +m? cosa)—J.(l//k/y\/1+k2 +m’ cosadu,|passing through the

E

S
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tangents to the line / ly-
ing on the given surface
@, is compiled as
P(x,y,z,t)+ AQ(x,),z,t) =
0 or G(x,y,z,t, A) = 0.
After determination

a (%)

of cos and cos

where ?' is an angle

between the tangent
plane of @; and the os-
culating plane of the line

I,but 2 is an angle be-
tween the osculating
plane of the li-ne / and a
plane from the single-
parametric system of the
planes passing through
the tangents to the line /,
it is necessary to as-

sume cos 1= cos ¥

and after it to find A = 4
(7). Having substituted 4
into the equation of the
planes passing through
the tangents to the line /
one can obtain R(x,),z,¢)
= 0. This expression is
an equ-ation of the sin-
gle-parametric system of
planes shaping the surfa
-ce @,. Solving together
two equations R(x,y,z,t)
= 0 and R{x,yzt) = 0
one can obtain an equa-
tion of the surface @,.
Sol-ving jointly three
equations R(x,y,zt) = 0,
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R(x,yzt) = 0, and R,
(x,),z,t) = 0 one can find
parametrical equations
of a cuspidal edge of the
developable surface @;.

2.4. Motion of some
plane curve into the
section of a developable
surface

Let us consider the
non-orthogonal coordi-
nates u, s on a plane. We
shall suppose that the
lines on a development
are given as u = u(s).
Assume two smooth
continuous curves / and
L. The curve [ will be
considered as a develop-
ment of any cuspidal
edge but L is a plane de-
velopment of any space
curve lying on a devel-
opable sur-face. After
bending of a plane into a
developable surface S
(10), the plane curves L
and [/ are transformed
into spatial curves L*
and x = x(s), y = y(s), z
= z(s), accordingly. If
we shall intersect the
developable surface S
by a plane Ax + By + Cz
+ D = 0 then an equa-
tion of the line of inter-
section will be the fol-
lowing [91]

u(s) =—[D + Ax(s)
+ By(s) + Cz(s))/[4X(s)
+ BY(s) + CZ(9)].
Supposing that the
line L is transformed
into a plane line L* ly-
ing in the xOy plane it is
necessary to assume 4 =
B =D = 0 and due to
the last formula one may
derive u(s) = -z(s)/Z(s)
and afterwards z = z(s).
In view of invariance of
cuspidal edge's curva-
ture and La-me's coeffi-
cients along the line u =
0, Gorbatovich [91] ob-
tained the system of two
equations
X(s) + y(s)
+Z7%(s) = I(s); X*(s) +
Vi) + ) = 1
(28)
for the determination of
coordinates x = x(s), y =
y(s) of the cuspidal
edge. So, the adduced
formulae give an oppor-
tunity to obtain paramet-
rical equations of a cus-
pidal edge of a develop-
able surface made from
a given plane develop-
ment. They suppose that
values of u(s), k(s) are
known. Design prob-
lems of a developable
surface are researched in
Myard's papers [92, 93]
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also. F. Myard showed
how to superimpose a
plane circle area on an
open helicoid.

V.S. Obukhova and
S.F. Pilipaka [94] repre-
sented new solution of
the problem in question.
They used the condition
of equality of arc
lengths of two curves L
and L* and proved that
not every plane curve L
may be transformed into
the plane curve L* lying
on a developable sur-
face.

2.5. Flexural rigid-
ity of developable sur-
faces

Some scientists re-
search bending of devel-
opable surfaces from the
point of view of infini-
tesimal bending of de-
velopable surfaces [95].
P.L. Simokin  [96]
proved, that developable
surface is rigid if its
edge of regression is rig-
idly fixed. Infinitesimal
bending of a develop-
able surface with a
curve intersecting all
rectilinear generatrixes
of the surface was re-
searched wunder con-
dition of admission of
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displacements of the
points of this curve only
along the given constant
direction [97]. Indica-
tions of ri-gidity are
given for a developable
surface limited by two
rectili-near generatrixes
and by two curves inter-
secting all rectilinear
generatrixes [98].

Let a surface @ is a
regular developable sur-
face not having plane
areas and  singular
points. This surface may
be separated by rectilin-
ear generatrixes into
strips. A line g is a regu-
lar line intersecting
every rectilinear genera-
trix of the surface @ in
only one point. Having
fixed this surface @
along the curve g rela-
tive to any two points of
the space one may have
the analytically un-
bending surface @ [99].

Such scientists like
P.L. Simokin [96], S.T.
Khineva [98], V.I. Mik-

hailovsky, M.
Sherkuziev  [99], .
Uteuliev [100], K.N.
Gayubova [101] have

scientific achievements
in this field.
3.Approximation of

developable surfaces
by a system of planes;
approximation of
general surfaces by a
system of developable
surfaces
3.1. Approximation of
developable surfaces by
a system of planes
It is easy to bring
off such approximation
for developable surfaces
because they are formed
by a single-parametric
system of planes. A
principle of design of
polyhedral surfaces is
the same one and does
not depend on geometri-
cal form of a develop-
able sur-face [80]. Let
us consider developable
surfaces with two plane
contour curves. We may
obtain the coordinates of
angular points of a poly-
hedral surface as coordi-
nates of points of inter-
section of three planes.
Two adjacent planes of
the polyhedral construc-
tion are the first two
planes. The third plane
is a plane with a conto-
ur curve. Knowing the
coordinates of the angu-
lar points of cons-
truction it is easy to cal-
culate all necessary lin-
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ear and angular parame-
ters for the polyhedral
surface development.
Consider a specific
example of application
of this method [102].
Let's take a developable
surface with directrixes
(1) in the form of a cir-

2 2 2
cle yora =k, x =1
and of an ellipse
2 2

y—2+Z—2:1,

b* a x = 0 (Fig
19) which are lying in
the parallel planes.

Assume / =5 m, b
=6ma=4mR=2
m and then a sing-le-

parametric system of
planes will have the
equation

M(x,y,z,v) =4 -2

V36-57 W5
V4-v? y—=>5vz+ 10
V36-57° _

v = z, where z 1S a coor-
dinate of the circumfer-
ence placed in the
plane x = 5 m. Let us
take two planes with v =
2mand v =1.5m (Fig
19) but as the third
plane we shall have the
plane with x = 0 con-
taining the ellipse. In
that case we shall use

b
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three equations M(v = 2)
=0, M(v=1.5)=0, and
x = 0. Solving them
jointly one can obtain
the coor-dinates of the
point of intersection of
the three planes as x = 0,
y =3, z=4. By analogy,
one can find the coordi-
nates of all other angular
points and afterwards
one may draw the devel-
opment (Fig.20).

Additional informa-
tion can be found in pa-
pers [103, 104, 105,
106].

3.2. Approximation of

general surfaces by a

system of developable
surfaces

A problem of ap-
proximation is  the
change of a complex sur
-face by a system of
simple technological
and easily described sur-
faces. Approximation of
complex surfaces with
the help of de-velopable
surfaces should prefera-
bly be used [1, 107].

If a discrete linear
framework is chosen
one can take every two
adjacent lines as direc-
trices (1) and then one

lopable  surfaces on
them [74]. So a given
surface will be approxi-
mated by parts of differ-
ent developable sur-
faces. Presented in [105,
108, 109] are examples
of graphical approxima-
tion of complicated sur-
faces by the system of
developable surfaces.

4. The rolling of devel-
opable surfaces on
each other

Every motion may
be represented by one
rotation about specific
axis and by one dis-
placement along this
axis, i.e. by spiral moti-
on. Two ruled surfaces
may osculate along a
rectilinear generatrix
only if this rectilinear
generatrix has the same
parameter of distribution
p = lim(d/w) where 0 is
the least distance be-
tween a fixed rectilinear
generatrix / and a infini-
tesimally close recti-
linear generatrix /*, w is
an angle between / and
[*. A cylindri-cal surface
has p = ® but a devel-
opable surface has p =0

can  construct deve- [20].  Ruled surfaces
may roll only on ruled
www.tech.nical.ly A0 Ao bl dad) A s



surfaces and develop-
able surfaces may roll
only on developable sur-
faces.

Let us take two de-
velopable surfaces with
their cuspidal edges
given in the following
form
x=xy=hH(),z=fx)
and X=X Y=F(WX),Z

= Fo(X).

The first invariance
of bending supposes
equality of differen-tials
of  cuspidal  edges'
lengths
ds=(1+y*+2%"dx =

dS=(1+Y"?*+ 7%
12y

The second condi-
tion supposes equality
of curvatures of the cus-
pidal edges in every
their point. Having ful-
filled these two condi-
tions one can obtain the
parametrical equations X
= f3(x), Y = falx), Z = f5
(x) of a cuspidal edge of
the second developable
sur-face as a function of
the x parameter of the
first surface [110].

A.L. Martirosov
[110] demonstrated his
method by the following
example: Let us take an
open helicoid with the

E

S
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cuspidal edge (12). A
cuspidal edge of the
rolling surface let us
take also as a helix X =
ccosV, Y =csmlV, Z=dV
on a cylinder. Arc
lengths of the cuspidal
edges can be obtained
from formula

gy Vb g

pNe+d® or from (V/v)
2= (a*+ DI+ ).

Having equated the
curvatures of the cus-
pidal edges A.L. Marti-
rosov [110] determined
alc = (a* + Y+ dP)
and after comparison of
the two last formulae, at
last, he derived 7 = v’/
c. A value c for the sec-
ond open helicoid may
be selected arbitrarily
but a lead of a spiral
cuspidal edge d must be
obtai-ned from the ex-
pression d* = (a* + b*)c/
a — ¢*. Finally, the equa-
tions of the cuspidal
edge of a rolling open
helicoid were written as
X = ccosAv, Y = csinAy,
Z = Avd, where a new
parameter 4 was as-
sumed as A = a/c. A.L.
Martirosov offered also
to present an angle y of
in-tersection of open

helicoids' axes in the

following form:
=rn—\a+ Q'*

4 ( ) , Where

o and ¢ are the helix
angles of slope of recti-
linear generatrixes of

the open helicoids: tg ¢
= b/a and tg % = dle

*
o

but ¢ = acos’ /cos’
(24

So, due to the
given formulae the roll-
ing open helicoid can be
defined. But it should be
noted that rolling a de-
velopable sur-face on its
bending is limited in
practical purposes for

real phy-sical models
[111].

Martirosov and
Rachkovskaya [112]

proved also that any
cone with a vertex in
one point of a cuspidal
edge of any developable
surface and having a
rectilinear generatrix co-
incident  with  deve-
lopable surface's genera-
trix can roll on this de-
velopable surface,
changing continuously
parameters of a cone.
The vertex of the cone
must reside on the cus-
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pidal edge all time.

5.The using of de-
velopable surface the-
ory for geometrical in-
vestigations of compli-

cated surfaces

Analytical descrip-
tion method for kine-
matic surfaces with a de
-velopable surface as a
stationary axoid surface
was offered in the paper
[113]. If every rectilin-
ear generatrix of any
ruled surface @, to ro-
tate around the edge of
regression in a tangent
plane on the same angle
@ then we shall have a
ruled surface @;. The
surfa-ce @; 1s called a
Pirondini surface. One
may assume develop-
able sur-faces as the sur-
faces @,. Wunderlich
[114] has studied a sur-
face @, in the form of
an algebraic developable
surface of the 3-d or-der
with the cuspidal edge x
=yv—Vv/3,y=V, z=a
(v + v/3). He has
proved that surfaces @,
would be the 5-th order
surfaces. The spe-cial
isometric ~ representa-
tions of developable sur-
faces of constant slope

116 \

are demonstrated in
[115].

Developable  sur-
faces as central develop-
able surfaces were used
for  construction  of
oblique ruled surfaces of
appointed class [116,
117]. The theory of de-
velopable surfaces is ap-
plied for ma-king the
developments for not
developed on a plane
surfaces [74, 118]. Some
papers are known where
a one-sided developable
surface (Mobius sur-
face) is researched [119,
120, 121, 122]. Some
scientists consider that
A.F. Mobius's surface is
a closed regular system
of developable surfaces
[119]. Developable sur-
faces can be used for de-
sign of branched canals'
models [105]. Re-
searches made by V.A.
Sladkov give a chance
to construct awning sur-
faces of appoin-ted class
as ruled surfaces [1].

6. Generalization of
developable surface's
concept for multidi-
mensional spaces

In some scholarly

works, an idea of a de-
velopable surface is
generalized to multidi-
mensional spaces. A sur-
face @, formed by a sin-
gle-parametric system of
the k-dimensional planes
in Euclid space E,, is
examined in  paper
[123]. Aumann Gunter
[124] has also published
the review dealing with
the  single-parametric
system of the k-
dimensional planes of
Euclid space. It follows
from the work [125] that
three types of develop-
able surfaces in hyper-
bolic space are avail-
able, i.e., conic and tan-
gential surfaces, geo-
desic cylin-ders. The (m
+ 1)-dimensional diver-
sity M generated by the
sing-le-parametric  sys-
tem of  the m-
dimensional planes of
descriptive space was
studied by C. Thas
[126]. V.M. Savitskiy
[127] adduced a classifi-
cation of developable
surfaces of Lo-
bachevskiy's space. The
properties of every class
were studied by him. He
has researc-hed also a
regular bending of these
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surfaces [128].

Various aspects of
presentation of develop-
able surfaces in Lo-
bachevskiy's space can
also be found in V.M.
Savitskiy's paper [129].
A presentation of devel-
opable surfaces in de-
scriptive space P, can be
found in [130]. K.N.
Gayubova [101] studied
developable surfaces in
pseudo-euclidian space,
S.I. Kisner [131] exam-
ined them in Hilbert
space.

Additional  infor-
mation about deve-
lopable surfaces in the
affine space can be
found in [132]. The
problem in question is

presented in  papers
[133, 134, 135] too.

7.Application of the

thin-walled develop-

able constructions
It was noted at the
beginning of this article
that shells in the shape
of developable surfaces
are the cheapest con-
structions among many
geometrical models. For
example, reinforced
concrete shells in the
shape of developable
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surfaces can be rein-
forced by plane or roll
meshes and shutter can
be made from rectilinear
or sheet elements [120].
Some sketches of build-
ings in the shape of de-
velopable shells are rep-
resented in [29, 112,
136, 137, 138]. 5 types
of ruled helicoids were
presented for the appli-
cation as helical ramps
for multistory garages
[139]. S.M. Halabi
[140] proposed several
developable surfaces for
covering arbitrary trape-
ziform plane.

Several examples
of thin-walled develop-
able constructions for
naval engineering sys-
tem were given in [79].
Developable  surfaces
can be geometrical mod-
els of technical con-
structions from sheet
materials [141, 142].
Such constructions are
widely used for diverse
conduits and pipelines

[105, 143].
Mechanical engi-
neering is the main

sphere of application of
open helicoidal shells.
These shells are used in
screw conveyers [144]

which consist of a
trough, a rotating shaft
on fixed bearings, and a
long helix fastened on
the shaft. The full length
of a screw conveyer can
reach 76 m. A section of
a helical surface maybe
bent from a steel sheet
with a thickness of 4-8
mm. A helical conveyer
in the form of develop-
able surface with a conic
helical cuspidal edge
was described in [145].
An open helicoid is used
in blast-furnaces as a
director surface in gas
pipelines [29]. Mathe-
matical calculation of
profile of a spiral evol-
vent surface made by
worm-cutters was given
in papers [146, 147].
New methods of design
of the cylindrical gear-
ing with teeth having a
work surface in the
shape of a developable
surface were presented
in [148, 149, 150]. V.S.
Luks-hin [151] sup-
posed to finish machin-
ing a spiral developable
sur-face of the cutting
tool with the help of
method of rolling. The
information about initial
stages of the develop-
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ment of geometry of in-
volute hob and gear
teeth can be found in the
paper [152].

The application of
developable surfaces in
agricultural mecha-nical
engineering was first of-
fered by V.P. Goryach-
kin [14]. This problem
has attracted consider-
able attention from J.N.
Gorbatovich [91], L.V.
Gyachev [47], Y.G. Kar-
dashevskaya [153], N.P.
Raevskiy [50], A.G
Zakharov [62] and from
many others.

Archimedes de-
signed his screw for the
transport of water [29].
The geometrical proper-
ties of a developable
surface of constant slope
can be used for the ap-
proximation of a topog-
raphical surface [154],
they can be used also for
the design of slopes of
em-bankments of main
roads [59]. Results of
geometrical researches
of developable surfaces
are also exploited in the
light and food in-dustry
(package [66], an auto-
matized  process  of
clothe design [154]), in
coal engineering indus-
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try [155]. Some works
are devoted to the appli-
cation of developable
surfaces in aircraft con-
struction [108].

G.E. Pavlenko [27]
has proposed the theo-
retical bases of cons-
truction of a ship hull of
the simplified shape
from fragments of de-
velopable surfaces. This
problem also has at-
tracted the attention of
some geometricians [74,

156, 157].
A.L.  Podgorniy,
N.I. Snisarenko [158]

and 1.V. Voloshina [159]
investigated the rays' set
reflected from develop-
able surfaces.

It's possible to list
many examples about
possibility of using of
developable  construc-
tions but we shall limit
ourselves by adduced
examples.

Conclusions and future
researches

Developable sur-
faces and shells are at-
tractive due to their abil-
ity to form different
configurations in a plan
and in space. These sur-
faces can satisfy the

various requirements of
designers and geometri-
cians who work in civil
and industrial engineer-
ing, road building, air-
craft construction, and
shipbuilding.

In this work we
touched upon geometric
problems in the main
and represented some
spheres of the applica-
tion of developable
shells and surfaces. It
was shown that develop-
able surfaces has been
investigated widely. Yet,
many open problems re-
main. For ins-tance, de-
signers do not have a
wide enough selection
of specific developable
surfaces. In general, all
methods are illustrated
for open helicoids. The
most part of methods of
the construction of de-
velopments on a plane
are also illustrated for
open helicoids or for
cones and cylinders. The
problems of rolling of
developable surfaces on
each other requires the
subsequent develop-
ment. Few papers are
devoted to the parabolic
bending of developable
surfa-ces (Fig 2) and to
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